is not generated by a single class then X has infinitely many distinct closed geodesies in any Riemannian metric.
1. Introduction. In this paper (co)homology is always singular and bq(-\k) -dim//^(-; k) denotes the qth betti number with respect to a field k. The free loop space, X s , of a simply connected space, X, is the space of all continuous maps from the circle into X.
The study of the homology of X s is motivated by the following result of Gromoll and Meyer:
THEOREM [16] . Assume that X is a simply connected, closed smooth manifold, and that for some field k the betti numbers b q {X s k) are unbounded. Then X has infinitely many distinct closed geodesies in any Riemannian metric.
(The proof in [16] is for k = R, but the arguments work in general.)
The Gromoll-Meyer theorem raises the problem of finding simple criteria on a topological space X which imply that the b q {X s k) are unbounded for some k. This problem was solved for k = Q by Sullivan and Vigue-Poirrier [28] . They considered simply connected spaces X such that dim//*(X; Q) was finite, and they showed that then the b q (X s Q) were unbounded if and only if the cohomology algebra H*(X Q) was not generated by a single class. And they drew the obvious corollary following from the Gromoll-Meyer theorem. 311 It is generally conjectured that the same phenomenon should hold in any characteristic; explicitly:
Conjecture. Suppose X is simply connected and, for some field k, H*(X; k) is finite dimensional. Then the b q (X s k) are unbounded if and only if the k-algebra H*(X; k) is not generated by a single class.
One direction of the conjecture is trivial:
REMARK. If H*(X;k)
is generated by a single class then the b q (X s k) are uniformly bounded. Indeed, consider the EilenbergMoore spectral sequence [12] , [25] for the fibre square In this paper we establish the conjecture under an additional hypothesis; in particular we prove it for any X if H ι {X\ k) = 0 for all / > chark. It was already known in some cases: for instance it was shown by L. Smith [26] [30] have proved it for homogeneous spaces in all characteristics. Results have also been obtained by Anick [4] and Roos [24] . And McCleary [19] has established a weaker form of the conjecture: if ΩX denotes the classical loop space of based maps S ι -> X then the b q (ίlX\ k) are unbounded if and only if H*(X; k) is not generated by a single class.
To state our theorem we first set (for a given field k) The definition of k-formal will be recalled in §3. Here we limit ourselves to giving:
Examples of k-formal spaces. The class of k-formal spaces includes suspensions, and those spaces X for which Hi(X; k) is zero if / is outside an interval of the form [k + 1, 3A: + 1], and this class is closed under products and wedges-for all this see [3] . We turn now to the proof of Theorem I, which we shall outline here, the details following in § §2, 3, 4. We work henceforth over a fixed field k and denote ®^ and Hom^ simply by ® and Horn. The tensor algebra on a vector space, V, is denoted by T(V). We adopt the convention "V k = V_ k " to raise and lower degrees in graded vector spaces, V in a differential graded vector space (DGV) the differen- The starting point for the proof of Theorem I is a result of BurgheleaFiedorowicz [8] and Cohen [11] which asserts that
where C*(ΩX; k) is the DGA of singular chains on the Moore loop space of X.
) is an AdamsHilton model [2] for X then we have In §3, on the other hand, we observe that either of conditions (A) and (B) gives a DGA quism
) is a commutative differential graded algebra (CDGA). In the case of condition (A) this follows from a deep theorem of Anick [4] ; in the case of condition (B) it is a consequence of one of the equivalent definitions of k-formal ( [3] , [13] ). In either case we again apply the comparison theorem of [21] to obtain (1.4) HH*(Ω*,rf)sHH*(iί,rf).
The isomorphisms (1.1), (1.2), (1.3) and (1.4) combine to yield (1.5) H*(X 5 ';k)^HH*μ,rf).
As we note in §3, the CDGA (A, d) satisfies H(A) = H*(X;k).
Indeed when X is k-formal (A,d) = (H*(X; k), 0) and so (1.5) becomes H*(X sl k) = HH* (#*(*; k)), in this case. This answers a question of Anick [3] in positive characteristic; in characteristic zero it has been proved by Vigue-Poirrier [29] and Anick [3] . We come now to the Proof of Theorem II. As in [6] there is DGA quism of the form {T{V) 9 
. For any right (R e , d)-module, Q, and any left {{BR) e , δ)-comodule N the natural DGV map ω.Q® R e (M(R) D {BR γ N) -+ (Q ® R e M(R)) D {BRγ N is an isomorphism. Proof of (2 A). We may ignore differentials and write M(R)
=
H(R ® R e (M(R) D {BRγ BR)) = Tor*®*°P P (i?, R).
For simplicity denote the graded dual of a graded vector space by Proof. The main result of [4] asserts that if (A) holds then the differential in the Adams-Hilton model may be chosen so as to map V into the sub Lie algebra L c T(V) generated by V.
This identifies (T(V), d) as the universal enveloping algebra, U(L, d) of the DGL (differential graded Lie algebra) (L, d).
Recall that the bar construction is a tensor coalgebra, and in particular contains the sub-coalgebra, S, of symmetric (in the graded sense) tensors. In particular,
we have S(sL) c S(s(UL+)) c B(UL). As in the case of characteristic zero ([23; Appendix B], [10]), S(sL) is a sub DGC of B(UL) and the inclusion S(sL) -> B(UL)
is a homology isomorphism [22] . Dualizing this gives a quism from (Ω* 
The commutative case.
In this section we prove ,d) by (AK,rf) .
The same argument as given in [28] for k = Q now establishes It remains to show that the HH^(ΛF, d) have unbounded dimensions if dim F odd > 2. Recall that sV is the graded space given by
Denote by T{sV) the free divided powers algebra on sV, [9] , and denote the zth divided power of sx by γi(sx).
Consider the multiplication homomorphism,
According to [15; Proposition 1.9] , φ extends to a DGA quism of the form 
HH*(ΛF ? d) = H(AV® κv^κv (AV®AV®T(sV))) = H(AV®T(sV)).
Denote the differential in AV ® T(sV) by δ. Lemma 4.7 shows that δ(sx{) is in the ideal generated by the Xj and Γ(SXJ) , j < i. Let z = x n +x (n > m) be the first x z of odd degree and divide AV ® T(sV) by the ideal generated by the Xj , j < n .
This produces a CDGA of the form (A(y, z, x n +2, ... )®T(sV), δ). The same argument as given in [28] shows that if this CDGA has unbounded betti numbers then so does (AV ® T(sV) ,δ), as desired. But by Lemma 4.7, δsxi is in the ideal generated by sx\, ... , sXi-\, for i < n. Moreover T(sxi) = the exterior algebra A(SXΪ) because / is odd. Hence sx\ Λ Λ sx n is a cycle. And since δ(sy) and δ(sz) are also in the ideal generated by , .s x^ it follows from (4.5) that the elements sx\ Λ-Λsx n Λ Ύi(sy) Λ γj(sz) are all (5-cycles. Under the projection AV ® T(sV) -• Γ(^K) these elements map to linearly independent homology classes, since the differential included in Γ(sV) is zero, by (4.4). Thus they represent linearly independent classes in H (A(y, z, . ..)®Γ(sV), δ), and hence the betti numbers of (A(y, z, . ..) ® T(sV), δ) are indeed unbounded. D
